We investigate the equation /"' + //" + (3(1 -f'2) = 0 together with boundary conditions /(0) = /'(0) = 0 and /'(°°) = 1. Here/3 is negative. Previous results are summarized which describe solutions which satisfy |/'| <1 for all rj > 0. It is shown that there is a sequence in of decreasing, negative values of /3, and a corresponding sequence in of solutions such that for each j GIN the equation// -1=0 has exactly j positive solutions and for some nj > 0, // = 1 + o(exp(-/u;??)) as ij -> °°.
Introduction.
For a fluid of constant density p and kinematic viscosity v, a model for the first approximation to two-dimensional laminar flow in a boundary layer consists of the system 
Here x denotes distance measured along the bounding solid surface from some origin, y is distance normal to the surface, and u and v represent the components of the fluid velocity in the directions of increasing * and y, respectively. 11 (x) is the free stream velocity taken as a function of the single variable x. From Eq. (2) it follows that a stream function \p satisfies u = 8\p/8y, v = -8\p/8x.
The boundary conditions at an impermeable wall with 'no slip' are \p = 8\p/8y = 0 at y = 0.
The boundary condition 'at infinity' is given by <yN(^ -0 ->0 as y-^00 (5) for each real N, where ^ = y/vU2. Note that the coordinate^ does not tend to zero in the boundary layer. Rather the stretched coordinate ^ approaches infinity as v 0, for nonzero y. Further discussion of condition (5) is given by Goldstein [2, pp. 34-35] .
A class of solutions called similarity solutions are useful in obtaining information 
The equation for F is the well-known equation derived by Falkner and Skan [ 1 ] , namely F'" + y (m + 1 )FF" -mF'2 + m = 0
with boundary conditions
sN(F' -1) --» 0 as 5-00 (9) for each real N. Goldstein [2] assumes that m > -1, sets
and transforms the problem (7)- (9) into /-" + //" + /jo -n = o, (in 
The problem (11)-(13) has received considerable attention in the literature and a fairly complete summary of results is given by Hartman [3, pp. 519-537] . All of these results describe the behavior of solutions of (11)-(13) which satisfy the additional restriction -1 < /' < 1 for all ?7 > 0.
In this paper we remove the restriction (15) and investigate the behavior of solutions of (7)-(9) which exhibit overshoot, i.e. /' > 1 for some rj > 0.
In the next section we present a statement of our main results followed by a short discussion. Sec. 3 contains the proof of our theorem.
2. Statement of main results. In order to state our theorem properly we first need to summarize some known results about the related boundary-value problem /'"+//"+ 0(1 -f2) = 0,
0 < /' < 1 on (0, oo).
We assume throughout that /3 < 0. Hastings [6, p. 329] combines results obtained in [3] , [5] and [7] into Furthermore, if C > C*(J3) then the solution of (16)- (17)- (18) is not unique. In fact, for each /? < 0 there is a non-negative function y(-) = y0(-) such that a solution / of (16) satisfies (17) and (18) if and only if C > C*(J3) and 0 < /"(0) < 7(C). The function 7 is continuous and strictly increasing on °°), and y(C*(j3)) = 0. Hastings [6] further notes that if /"(0) = 7(C) then
for some </,£ R and d0 > 0. He then proves Theorem B (Hastings [6] ). Suppose |/3| is small enough to insure that C*(/3) < 0. Then We are now prepared to state our main result. From Theorem B it follows that there are values a < 0 and /3 < 0 such that if ft = /3 and /"(0) = a then the solution of the initialvalue problem (11)-(13) satisfies the conditions (19) and (20). In addition, there exist values a > 0 and $ < 0 for which that same conclusion holds. In our theorem we let a = a for simplicity although the same result will be true if a = a. 
satisfies the boundary condition
as 77 -► for some 5, and pj. Discussion of results. In Fig. 1 we sketch the graphs of /' vs. 77 for /3X, /32, /8a. A slight controversy has developed over the significance of solutions which exhibit overshoot, i.e. /' > 1 for some 77 > 0. Since /' = u/'M it follows that u > 11 whenever /' > 1. One might argue that the maximum principle predicts that u may never exceed its value on the boundary of the boundary layer, and thus u < 11. However, the maximum principle would require each function in the equation to be bounded. This condition is violated since we are assuming that 11 (x) = cxm where c > 0 and m < 0, and this function becomes unbounded as x -»0+.
The requirement that /' < 1 for all 77 > 0 appears to stem from a remark by Stewartson [9] who claims that solutions which exhibit overshoot must be rejected on physical grounds. He fails to discuss what these physical grounds are. As noted by Libby [8] , this remark by Stewartson has been carried forth in the literature and solutions with overshoot On a purely mathematical basis the solutions described in our theorem should be of value since their description contributes to a more complete knowledge of the model of Falkner and Skan.
Outline of proof. We prove our theorem in several parts. First we consider the original problem posed by Falkner and Skan and we show that at m = -1 the steady-state solution (1, 0) in the (F, F") plane is surrounded by a connected family of closed orbits. Thus since (3 = 2m/(m + I) it follows from continuity that as m -1+ the solution / of (11)-(12) spirals around (1, 0) in the (/', /") plane an arbitrarily large number of times.
Using several technical lemmas and a shooting method we construct a sequence {/3/beiN of negative numbers such that for each j £ IN, if 0 = (3j and j} is the solution of (11)-(12) then // -1=0 has exactly j positive solutions. Furthermore, if (3 < (3j then /' -1 = 0 has more than j positive solutions.
A comparison technique shows that // 1 exponentially as rj °° for each i G IN.
3. Proof of theorem. We first investigate (7)- (8), the problem originally posed by Falkner and Skan. For the special case m = -1, (7)- (8) becomes
Integrating, we obtain
where C is an arbitrary constant. It then follows that
An elementary analysis shows that if -2/3 < C < 2/3 then Eq. (25) represents the trajectory of a periodic solution whose orbit surrounds the equilibrium point (1, 0) in the F" vs. F phase plane (see Fig. 2 ). When C = 2/3 we obtain a homoclinic orbit with linw"(F, F') = (-1,0).
From the analysis presented above we are led to Therefore lim"^"/" = 0. Suppose that iim"^a,/" < 0. Then there must be a value ?? > 0 for which /"(tj) attains a relative maximum. That is /"'(»?) = 0 and /(4)(^) < 0. However, from Eq. (12) we obtain /l4)(»?) = (2-0 -1 )f'(rj)f"(ri) > 0, a contradiction. Therefore lim"^c°/"(>7) = 0. Thus, from Eq. (11) it follows that /"' > -0/2 > 0 for all large ?? and therefore /" = 0 for some i) > 0.
We now proceed with the proof of our theorem. Recall that if /"(0) = a and 0 = 0 then the solution of (21 )- (22) which we denote by J satisfies -1 < J' < 1 for all > 0, and /' -> 1 exponentially as tj -> °°. Therefore the set H0 = {0 < 01 the solution of (21 )-(22) satisfies /' < 1 for all ?/ > 0} is non-empty. From Lemma 1 it follows that H0 is bounded below. Therefore 00 = inf H0 is a well-defined, finite, negative number, and 0O < 0ao. If we set 0 = 0O and let /" denote the solution of (21 )- (22) then we obtain Lemma 7. -1 < /"' < 1 for all rj > 0, and limn^co/o' = L Proof. If f0' = -1 for some first f) > 0 then /0"(r/) ^ 0 and Lemmas 4 and 5 imply that /0' < -1 for all t) > r). But then from continuity it follows that if 0 < 0O and \0 -/3"l is sufficiently small then /' < 0 for all tj > 0, contradicting the definition of 0O. Furthermore, the uniqueness of solutions, together with Lemma 5, prevent the possibility that /"' = -1, /0" = 0 at finite ri > 0. Similar arguments show that (/"', f0") cannot intersect the line segment /' = 1, /" > 0 at finite rj > 0. Thus -1 < /"' < 1 for all r/ > 0.
Next we need to show that lim^cc/o' = 1. If 0O = 0, lim,_oo/0' = 1. Suppose that 0O < 0. Let t) > 0 be the first value for which -1 < /'(rj) < 0 and /"(ij) = 0. We wish to show that there is a value 77 £ (0, ij) for which -1 < /"' < 0 and f0" = 0. Consider the function h =/0" -J". Then h(0) = 0 and, from Eq. (11), h\0) = 0 -0O > 0. Thus f0" > f" on an interval to the right of 0. Also, since/0(0) = j(0) = /"'(0) = /'(0) = 0 then f0 > f and /</ > / as long as /o" > /". If j0" = /" for some first tj G (0, rj) then h{rj) = 0 and h'(r))< 0.
From Eq. (12) it follows that, at 77 = rj, h\v) = J"(f -fo) + C0-0o)( \ -n + 0<ifo -J')(fo + /') > 0,
contradicting (36). Thus there must be a first 77* £ (0, ij) for which -1 < /"'(rj*) < 0 and fo'iv*) = 0.
Next, it follows from Eq. (11) that /"' > 0 as long as -1 < /' < 0, /" > 0 and / < 0.
Therefore since -1 < foW) < 0, f0"(v*) = 0 and f0{v*) < 0 we conclude that there is a first t) > rj* for which j0\v) = 0 aid fo"(v) > 0. Since /0' < 1 for all jj > 0 and /"' > 0 along the line segment /" = 0, 0 < /' < 1 then it must be the case that 0 < f0' < 1, f0" > 0 for all 77 > rj. Hence a = lim"^«,/0' exists and 0 < a < 1. We eliminate the possibility that a < 1. Let z(/) denote the solution of Eq. (26) such that z(Mij)) = 0 and z(Uv)) = 2/""(ij) > 0. 
